Abstract. If a hyperbolic 3-manifold admits an exceptional Dehn filling, then the length of the slope of that Dehn filling is known to be at most six. However, the bound of six appears to be sharp only in the toroidal case. In this paper, we investigate slope lengths of other exceptional fillings. We construct hyperbolic 3-manifolds that have the longest known slopes for reducible fillings. As an intermediate step, we show that the problem of finding the longest such slope is equivalent to a problem on the maximal density horoball packings of planar surfaces, which should be of independent interest. We also discuss lengths of slopes of other exceptional Dehn fillings, and prove that six is not a limit point of lengths of slopes for small Seifert fibered space fillings.
Introduction
By the 2π-Theorem of Thurston and Gromov, any Dehn filling of a cusped hyperbolic manifold along slopes of length at least 2π results in a manifold with a negatively curved metric (see [4] ). By the Geometrization Theorem, such a negatively curved 3-manifold must admit a complete hyperbolic structure. Thus if a Dehn filling does not yield a hyperbolic manifold, i.e. if it is an exceptional filling, then at least one of the slopes of the filling must have length at most 2π. Independently, Agol [2] and Lackenby [14] proved the 6-Theorem, which lowered the upper bound on the length of an exceptional filling to six.
The Geometrization Theorem implies that any non-hyperbolic 3-manifold is either reducible, Seifert fibered, or toroidal. Agol showed that the 6-Theorem gives a sharp bound on slope length of exceptional fillings by exhibiting a hyperbolic manifold with a toroidal filling of length exactly six. In addition, Adams et al [1] found an infinite family of hyperbolic knots K i such that each S 3 − K i admits a toroidal filling of length six. In addition to these examples of toroidal fillings, obtaining bounds on the meridians of knot complements has also been a subject of inquiry. It is conjectured that four is the maximal length of a meridian of a knot complement. This conjectural bound is asymptotically sharp as observed in a number of places (see for example [2, §7] and [18, Theorem 4.3] ). As far as we are aware, no one has previously considered the natural question of determining upper bounds on slope lengths for other types of exceptional fillings.
In this paper, we investigate that question. Our primary focus for the first part of the paper is reducible Dehn fillings, i.e. those that produce a 3-manifold with an embedded essential 2-sphere. For such fillings, the bound of six does not appear to be sharp. We wish to determine the longest possible slope giving a reducible filling of a hyperbolic 3-manifold. Towards this goal, we present the following theorem which proves the existence of reducible fillings that asymptotically approach length 10/ √ 3 > 5.77. Theorem 1.1. For every > 0, there exists a hyperbolic 3-manifold M and slopes s 1 , . . . , s n such that the Dehn filled manifold M (s 1 , . . . , s n ) is reducible and s i has length at least
Note that if a hyperbolic 3-manifold M admits a reducible filling, then it contains an essential punctured 2-sphere. We may pleat this 2-sphere in M to obtain a hyperbolic structure on a planar surface. One question that can be asked is, which hyperbolic planar surfaces arise in this manner? The cusp neighborhoods of M induce cusp neighborhoods of S, and the lengths of curves tracing out the boundary of these cusp neighborhoods of S must be at least as long as the exceptional slopes of M . Thus a lower bound on slope length of M gives a lower bound on slope length of S.
On the other hand, in this paper we show:
Theorem 2.7. Let R be a hyperbolic structure on a planar surface. Then in any neighborhood of R in its moduli space, there exists a hyperbolic structure R such that:
(1) R is isometric to a totally geodesic surface embedded in a hyperbolic 3-manifold M .
(2) A maximal cusp neighborhood of R can be embedded in a maximal cusp of M .
(3) Dehn filling M along the boundary slopes of R results in a reducible manifold.
Thus finding long reducible slopes becomes a question of finding hyperbolic structures on planar surfaces, and in particular, finding a horoball packing of a planar surface that maximizes the minimal area horoball. Along these lines, we submit the following conjecture, which if true would show that our examples in Theorem 1.1 produce the (asymptotically) longest possible reducible fillings. Conjecture 1.2. Let F be a planar surface admitting a hyperbolic structure. For any horoball packing of F , there is at least one horoball of area less than 10/ √ 3.
We conclude the paper with discussion of the Seifert fibered and finite exceptional filling cases. Similar to the reducible case, for such fillings the longest possible slope yielding this type of manifold is still unknown. We discuss the longest known examples of these, and note that experimental and theoretical evidence points to bounds strictly less than six in these cases. In fact, for the Seifert case, we prove the following.
Theorem 4.4. Let M be a hyperbolic manifold with one cusp, and let s be a slope such that M (s) is a small Seifert fibered space with infinite fundamental group. Then the length of s is strictly less than six. Moreover, there is no sequence of one-cusped hyperbolic manifolds M n and slopes s n such that M n (s n ) is small Seifert fibered with infinite fundamental group and the lengths of s n approach six.
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Existence of reducible fillings
At most countably many hyperbolic structures on a planar surface can be the totally geodesic boundary of a hyperbolic 3-manifold, because the double of any such manifold is a finite volume hyperbolic 3-manifold without boundary, and there are only countably many of these. However, the following theorem shows that the set of such structures is dense in the moduli space of the surface.
Theorem 2.1. Let R be a hyperbolic surface with finite genus and with at least one but at most finitely many cusps. Then in any neighborhood of R in its moduli space, there exists a hyperbolic surface R with the following properties.
(1) There exists a hyperbolic 3-manifold M with four totally geodesic boundary components, each isometric to R . (2) There exists a finite volume hyperbolic 3-manifold M 0 without boundary that contains two embedded surfaces isometric to R . (3) Finally, for any > 0 and any cusp neighborhood H of R, we may take M such that there exists a maximal cusp of M for which each boundary slope of R in M has length within of the corresponding length on ∂H in R. Similarly for M 0 .
The proof of Theorem 2.1 constructs M by appealing to circle packing techniques of Brooks [6, 7] . This argument was partially inspired by ideas of Fujii [12] that state that closed surfaces satisfy a similar property. Definition 2.2. A circle packing of a polygonal region is a collection of circles with disjoint interiors embedded in the closure of the region, such that all circles are tangent to other circles, and the exterior of the union of circles is a disjoint union of curvilinear triangles. Given a collection of circles, an interstice is a curvilinear polygon in the complement of the interiors of the circles, with boundary made up of pieces of the circles. Thus a circle packing is a collection of circles for which all interstices are triangles.
Given a hyperbolic surface R as in the statement of Theorem 2.1, we begin by taking a fundamental domain for R in H 2 that is a finite ideal polygon, with side pairings given by isometries of H 2 . For example, this fundamental ideal polygon can be obtained by fixing a cusp neighborhood for the cusps of R, and taking the corresponding canonical decomposition of R as in Epstein-Penner [10] . Definition 2.3. Suppose F , F are hyperbolic surfaces in the moduli space of the same surface S. We say fundamental ideal polygons P and P for F and F , respectively, are of the same combinatorial type if there exists a homeomorphism taking P to P that maps each edge e i of P to an edge e i of P , and for any face pairing f ij : e i → e j of P , there is a corresponding face pairing f ij : e i → e j of P . In other words, the same combinatorial data on P , P determine surfaces F , F . Lemma 2.4. Let F be a hyperbolic surface with at least one and at most finitely many cusps, and fundamental ideal polygon P in H 2 . Then for any neighborhood of F in the moduli space, there exists a hyperbolic surface F in that neighborhood such that (1) F has a fundamental ideal polygon P ⊂ H 2 of the same combinatorial type as P and (2) P admits a finite circle packing.
Note that item (2) above implies that P can be packed with circles such that all interstices are triangles. In particular, each ideal vertex of P must belong to such a triangular interstice: the circle packing must contain a circle C so that the two edges meeting an ideal vertex along with the circle C form a triangular interstice.
Note also that this does not give a circle packing of the surface F ; such a packing would contain infinitely many circles running into the cusps of F . For our purposes, we need finitely many circles.
Proof of Lemma 2.4. Consider the hyperbolic ball model of H 3 , and view H 2 as the equatorial plane E in H 3 , whose boundary is the equator of ∂ ∞ H 3 . The fundamental ideal polygon P for F embeds in E ⊂ H 3 , and side-pairing isometries extend to isometries of H 3 . For each edge of P , take a geodesic plane in H 3 whose intersection with H 2 is that edge, and such that the plane is orthogonal to the copy of H 2 . Notice that a side-pairing isometry of this edge will take the geodesic plane in H 3 to a geodesic plane meeting H 2 orthogonally, with intersection another edge of P . Thus the side-pairing isometries, which generate the fundamental group of F by the Poincaré polyhedron theorem, act on this collection of geodesic planes in H 3 . The boundaries of these geodesic planes give a collection of circles on ∂ ∞ H 3 = S 2 ∞ that are tangent in pairs, all orthogonal to the equator of S 2 ∞ . We color these circles blue. The quotient of the action of the fundamental group of F gives an infinite volume Fuchsian manifold, with rank-1 cusps. Now, we may fill in the upper hemisphere S + ∞ ⊂ S 2 ∞ = ∂H 3 with circles that are all disjoint, tangent to existing blue circles [6] . The result will not necessarily be a circle packing, with all triangular interstices. However, we may arrange such that all interstices are triangles and quadrilaterals, with only a finite number of quadrilateral interstices. Color these circles red, and reflect them across the equator to obtain a collection of circles in S 2 ∞ , colored red and blue, that meet in triangular interstices and a finite number of quadrilateral interstices.
Brooks shows that the space of configurations of circles in this situation is parametrized by one real parameter per quadrilateral interstice, and each such real number is determined by a continued fraction corresponding to the way (possibly infinitely many) circles can be packed into the quadrilateral [6, Theorem 1] . Rational numbers give actual circle packings, and they are dense in the parametrization space.
Thus given any neighborhood of F in the moduli space, we may adjust the circles in S 2 ∞ by selecting rational numbers sufficiently close to the parameters coming from the quadrilaterals in our collection of circles. If we continue to identify blue hemispheres in pairs corresponding to the face pairings from R, we will obtain a quasi-Fuchsian group as close as desired to the Fuchsian group whose equator gives the hyperbolic structure on R. Unfortunately, this is not strong enough: for our purposes, we want to maintain a Fuchsian group after we adjust the circles in our collection to a circle packing.
In order to fix the situation, we use the reflective symmetry of our collection of circles. To each quadrilateral in the upper hemisphere, there is associated a unique quadrilateral in the lower hemisphere via reflection. When we adjust the circles to a circle packing in the upper hemisphere, make the same adjustment in the lower hemisphere, preserving the reflective symmetry. The result is a packing of circles as close as desired to the original collection of circles. Because the packing is preserved by reflective symmetry, it follows, e.g. from Thurston's formulation of the Koebe-Andreev-Thurston Theorem [20, §13.6] , that after the adjustment the blue circles are still centered on the equator. Thus the quotient of H 3 by the action of pairing the blue circles yields a Fuchsian group, and the action on the equatorial plane gives a hyperbolic surface F , chosen such that it lies in the desired neighborhood of F in the moduli space. Then F and its fundamental ideal polygon P cut out by blue circles satisfy the claims of the Lemma. Figure 1 (a) shows a finite ideal polygon with a circle packing by red circles. Using Lemma 2.4, we may begin to construct the hyperbolic 3-manifolds claimed in Theorem 2.1. Note the lemma below will give the first part of Theorem 2.1.
Lemma 2.5. Let R be a hyperbolic surface with finite genus and with at least one and at most finitely many cusps. Then in any neighborhood of R in its moduli space, there exists a hyperbolic surface R with the property that there exists a hyperbolic 3-manifold M with four totally geodesic boundary components, each isometric to R .
Proof. First, we build an infinite volume hyperbolic 3-manifold, as follows.
Let P be a fundamental ideal polygon for R. For any neighborhood U of R in the moduli space, Lemma 2.4 provides a surface R ∈ U with fundamental polygon P of the same combinatorial type as P that admits a circle packing. As before, color the circles forming the edges of P blue, and the circles of the circle packing red. View P as lying on the equatorial plane H 2 ⊂ H 3 . Face pairings of P correspond to isometries of H 3 pairing blue hyperplanes, orthogonal to edges of P , and the quotient of H 3 under these face pairings gives an infinite volume Fuchsian manifold with an embedded copy of R lying on the equatorial plane. Project the red circles to the upper hemisphere. We now have a packing of S + ∞ by circles, colored red and blue. Each red circle cuts out a totally geodesic plane in H 3 , which we color red. Remove from H 3 the half-space bounded by each red plane and S + ∞ . For each curvilinear triangle remaining on S + ∞ , there is a unique circle meeting the three vertices of the triangle, which we color green; see Figure 1 (b). This gives a collection of circles dual to that of the red and blue circles, which meet the red and blue circles at right angles. Again, the circles determine planes in H 3 , which we color green. By construction, the interiors of the green planes are disjoint from the equatorial plane E. Cut out the half-spaces in H 3 bounded by the green planes and S + ∞ . Finally, cut along the equatorial plane E, and color it white. The result is a finite volume ideal polyhedron Q in H 3 with faces painted blue, red, green, and one white face. All faces meet at right angles. Now, consider the manifold obtained by gluing blue faces of Q via the face pairings coming from those of R , and then doubling along red faces (i.e. take a second copy of Q with blue faces glued by original face pairings, and map red faces in one polyhedron to red faces in the other by the identity). This manifold has a finite number of geodesic surfaces on its boundary. All but two of these surfaces are painted green. There are two white faces, since we doubled, and each is isometric to R . Now double along the green boundary surfaces. The result is a hyperbolic manifold M with a finite number of cusps, with four totally geodesic boundary components (painted white), each of which is isometric to R .
To obtain the full result of Theorem 2.1, we need to ensure not only that the boundary components of our hyperbolic 3-manifold are correct surfaces in the moduli space, but also that an embedded cusp of the surface gives slope lengths within of an embedded cusp of the 3-manifold M . This will not necessarily be the case for the manifold constructed above. However, we obtain our result by taking finite covers.
The outline of the argument is as follows. Because R is totally geodesic in M , the subgroup corresponding to R is separable (this also follows from the more recently proved, stronger fact that hyperbolic 3-manifold groups are subgroup separable [3]). Curves corresponding to non-embedded horoballs in M do not lie in R , and hence there is a finite cover "unwinding" these curves, removing the horoball overlap.
We give the details in Lemma 2.6 below, following an argument of Long and Reid [15, Lemma 3.2.3]. Although there are other ways to show this result, we prefer the following because it uses a comparatively small amount of machinery, and also gives a more concrete idea of how to lift to disjoint horoballs. The proof of the lemma involves a computation in PSL(2, C), so we state the lemma and its proof in terms of the upper half space model of H 3 . Lemma 2.6. Let N = H 3 /Γ be a finite volume cusped manifold such that Γ ⊂ PSL(2, C) and R = H 2 /Ω → N is an embedding of a totally geodesic cusped surface with Ω ⊂ PSL(2, R). Then for every for every (2-dimensional) horoball packing H R of R, there is a finite cover
Proof. For each cusp point x i of R in N , inflate all (3-dimensional) horoballs equivalent to x i under Γ until they reach the diameters determined by H R . Call this collection of horoballs H R . If H R is embedded in M , the claim follows. Otherwise, the interiors of horoballs in this collection are not disjoint, and so we will consider the case that the horoball centered at a fixed x i intersects some other horoball. Now, we repeat an argument of Long and Reid [15, Lemma 3.2.3] to show that the subgroup corresponding to R is separable. We include the full proof here because first, Long and Reid only stated their result for closed surfaces in closed manifolds, and we need cusped surfaces in cusped manifolds. Second, the argument establishes notation that we use later in the proof.
By [20, Proposition 6.7 .4], we may assume that Γ ⊂ PSL(2, Q). Here, we are using the standard notation that Q is the algebraic closure of Q. After conjugating Γ by an element of PSL(2, Q), we may also assume that Ω ⊂ PSL(2, R).
Let Γ be generated by (coset representatives of) matrices g 1 , g 2 , . . . , g t , and we let Θ be the subring of Q ⊂ C generated by the entries of the g i , their complex conjugates, and 1. Then Θ is a finitely generated integral domain with 1 so that for any non-zero element there is a maximal ideal which does not contain that element. Note that both Γ and its complex conjugate embed in PSL(2, Θ).
For any γ ∈ Γ Ω, (by abuse of notation) we say γ = a b c d . Note since γ ∈ PSL(2, R), at least one element of each set {a +ā, b +b, c +c, d +d} and {a −ā, b −b, c −c, d −d} is non-zero; hereā denotes the complex conjugate of a, and similarly for b, c, and d. Let α be a non-zero element from the first set and β a non-zero element from the second. We may choose a maximal ideal M in Θ such that αβ ∈ M. Next, consider the homomorphism
induced by projection Θ → Θ/M and conjugation followed by projection, where M is a sufficiently large maximal ideal in Θ and Θ denotes complex conjugation. Notice that Ω maps to the diagonal subgroup, because it lies in PSL(2, R). However, γ does not map to this subgroup. Therefore, if we let ρ M be the map determined by first applying ρ M and then taking the quotient by the diagonal subgroup, we have Ω in the kernel of ρ M , while ρ M (γ) = 1. The image of ρ M is finite, since Θ/M is a finite field. Therefore, Ω is a separable subgroup of Γ (i.e. Ω is the intersection of all subgroups K with Ω < K ≤ Γ and
For the rest of the proof, we use separability to ensure there is a finite cover in which horoballs become disjoint.
Map x i to ∞ in the universal cover H 3 and consider a fundamental domain for the horoball about ∞. This will be at some height d ∞ . Then there will be only finitely many horoballs intersecting the fundamental domain with diameter greater than d ∞ . Let Y i = {y i,j ∈ C} be the set of centers of all such horoballs. There are two important facts about Y i . First, Y i ⊂ Q, since Y i consists of parabolic fixed points of a subgroup of PSL(2, Θ) ⊂ PSL(2, Q). Second y i,j ∈ R for all i and j by definition.
Any y ∈ Y i is Γ-equivalent to some cusp x k . Thus, there is a g = a b c d ∈ Γ with g(x j ) = y. Also, if z is in the Γ-orbit of y (and x k ) and is the center of a horoball of the same diameter as the one at y, then there exists an element g t ∈ Γ such that
(So in fact, z j = y + t.) Choose γ = g in the proof of separability above to obtain a maximal ideal M(g) such that g and its Γ-conjugate g t are never in the kernel of ρ M(g) , nor the further reduction mod the diagonal. Since Y i is a finite set of algebraic numbers, there exists a single ideal M disjoint from all the required algebraic numbers. Thus, the intersection of kernels for a finite number of homomorphisms of the form ρ M induces the desired cover N 0 . Since the points in ∪Y i are no longer equivalent to the cusps of the surface, there is a horoball packing of N 0 obtained by first inflating horoballs to their diameters as determined by H R (which unlike before does not include horoballs centered at points in ∪Y i ) and then inflating any other horoballs (including the ones centered at points in ∪Y i ) as needed to complete the packing.
We now are ready to prove Theorem 2.1, which is essentially a summary of the section up to this point.
Proof of Theorem 2.1. Using Lemma 2.5, we obtain a manifold M 1 which has four boundary components. Obtain M 2 without boundary by identifying the four boundary components of M 1 in pairs. Finally, apply Lemma 2.6 to M 1 and M 2 to find covers M of M 1 and M 0 of M 2 supporting the desired horoball packing. Theorem 2.7 from the introduction is an immediate consequence of the above theorem with R a planar surface.
Theorem 2.7. Let R be a hyperbolic structure on a planar surface. Then in any neighborhood of R in its moduli space, there exists a hyperbolic surface R such that:
(1) R is isometric to a totally geodesic surface embedded in a hyperbolic 3-manifold M . Proof. Take the manifold M 0 of Theorem 2.1. When we Dehn fill along boundary slopes of R , the image after Dehn filling will have intersection number one with the core of the Dehn filled solid torus. Therefore, it cannot bound a ball to either side. Hence it is a reducing sphere for the Dehn filling. 
Packings of planar surfaces
In light of the previous section, in order to find 3-manifolds with reducible fillings with long slopes, it suffices to find horoball packings of planar surfaces where all horoballs are above a given length. In this section, we construct horoball packings of a planar surface where each horoball has length at least 10/ √ 3 − (with > 0). Our construction relies on a limiting argument, and so the bound of 10/ √ 3 is only realized asymptotically. The remainder of this section will be dedicated to proving the following proposition.
Proposition 3.1. For any > 0, there is a planar surface F with hyperbolic structure and an embedded horoball neighborhood of the cusps of F such that each cusp neighborhood has area A with A > 10/ √ 3 − .
3.1. The triangulated surfaces. First, we construct a sequence {(F m , T m )}, where F m is a planar surface (later decorated with a specific horoball packing), and T m is a triangulation of F m . To begin consider the icosahedron, which gives a triangulation of the sphere with 12 vertices (each of degree five), 30 edges, and 20 triangular faces. This also gives an ideal triangulation of the 12-punctured sphere where each ideal vertex is degree 5. We call this triangulation T 0 and the corresponding surface F 0 . Initially, we will consider F 0 as a topological surface, namely a 12-punctured sphere. Later, we will decorate F 0 with geometric data. We will consider (F 0 , T 0 ) as the starting point of a sequence of triangulations of planar surfaces.
We obtain (F m , T m ) from (F 0 , T 0 ), for m ≥ 1, as follows. For each triangular face of (F 0 , T 0 ), partition each of the three edges of the triangle into 2m pieces by adding 2m−1 new vertices in the interior of the edge. Then, connect the vertices along edges by lines parallel to the sides of the triangle, as in Figure 2 . This adds 4m 2 triangles to each triangular face of (F 0 , T 0 ), giving a new triangulation of S 2 . Note twelve of the vertices remain degree five, but all additional vertices have degree six. Again make each vertex an ideal vertex, and denote the result by (F m , T m ); the surface F m is a punctured sphere. For m ≥ 1, the resulting triangulation T m will have 80m 2 triangular faces, 40m 2 + 2 vertices and 120m 2 edges. Condition (A) ensures that the cusps of the triangle are embedded in the triangle. Condition (B) ensures that the cusps are disjoint in each triangle. Finally, condition (C) ensures that triangles can be glued together across edges of the triangulation T , for in that case the edge between the triangles will have the same length outside the horoballs corresponding to cusp areas, as ensured by the following lemma.
Lemma 3.3. On an ideal triangle with embedded cusps of area a and b, the distance between those cusps is − log(ab).
Proof. The proof is by elementary hyperbolic geometry. One way to see it is to consider the ideal triangle with vertices 0, a, and ∞, with the cusp about ∞ of height 1 (area a), and the cusp of area b at 0. The desired distance is − log(h) where h is the diameter of the horoball about 0. Apply the isometry z → −h/z, taking 0 to ∞, ∞ to 0, and ih to i. Comparing lengths on the triangle, this must take the point a to −b. Thus −h/a = −b, and h = ab. Lemma 3.4. A decoration of (F, T ) that is geometric, in the sense of Definition 3.2, determines a complete hyperbolic structure on F with a choice of horoball neighborhood at each cusp, such that horoball neighborhoods are embedded.
Proof. We obtain a hyperbolic structure by giving each ideal triangle of T the structure of a hyperbolic ideal triangle. For each such triangle, take horoball neighborhoods of each ideal vertex that have the areas specified by the decoration. These will give embedded horoballs about the cusps of F . We need to check that the resulting structure will be complete. Completeness follows from the Poincaré theorem (see, e.g. [11] ) and condition (C). By the Poincaré theorem, the structure will be complete provided horoball neighborhoods of the cusps "close up," i.e. a curve running once around a cusp lifts to a Euclidean translation along a horocycle. In terms of a triangulation, this means that if we lift the triangles meeting a cusp in a cycle, the initial and final triangle (which are identified by a covering transformation) differ only by a Euclidean translation, with no rescaling. In our case, lift the initial triangle to H 2 with cusp at ∞. Our decoration determines a horoball about ∞. The lengths of edges between this cusp and the other two determine (Euclidean) diameters of the other two horoballs. Successively lift other ideal triangles to form a cycle. Condition (C) ensures the horoballs between them are consistent. Finally, when we lift the final triangle, because we have fixed the distance between horoballs by (C), and the horoball about ∞ has not changed, the diameters of horoballs on R must also have the same diameter as in the initial triangle. Thus the initial and final triangles cannot differ by a (non-trivial) scaling, and must differ only by a Euclidean translation.
In our construction below, conditions (A) and (B) of Definition 3.2 will be easy to check. For condition (C), for many triangles, we will identify one marked edge of the triangle, such that two triangles are glued across marked edges forming a quadrilateral (with marked edge as the diagonal). We will choose cusp areas on opposite vertices of the quadrilateral to have areas a and 1/a, respectively, as in Figure 3(b) . This will ensure that the diagonal edge has the same length between horoballs in each triangle. Moreover, exterior edges of the quadrilateral all have length zero. Hence we may glue any two such quads together along an exterior edge consistently. For the remaining triangles, which will not fit into quadrilaterals, we must check edge lengths between horoballs using the formula of Lemma 3.3.
We now construct a horoball packing of a planar surface with the desired properties.
For each large triangle region in T m that was formed by replacing one triangle in T 0 with 4m 2 triangles, color the middle m 2 triangles in the region gray, as in Figure 4 (a), and color the remaining triangles white.
In order to describe our horoball packing, we will consider six types of vertices in the small triangles appearing in T m , also shown in Figure 4 (1) vertices of degree five at the corners of the large triangular regions coming from the triangles of the original icosohedron; (2) vertices along the edges of the white triangular regions, thus lying on an edge of the original triangle, but in the interior of that edge; (3) interior vertices in the white triangular regions; (4) vertices where four white triangular regions and two gray triangular regions are identified; (5) vertices on the edges of a gray triangular region, but in the interior of the edge; and (6) vertices in the interior of the gray triangular regions. The proof will assign a cusp area to each cusp of each triangle in T m depending on the pattern of the vertices in that triangle.
Lemma 3.5. For any m, the triangulated surface (F m , T m ) constructed above admits a decoration depending on a choice of positive areas {c 1 , . . . , c m } such that, if 1 ≤ c i ≤ 2, then the decoration gives a complete hyperbolic structure on F m and embedded cusp neighborhoods with areas of the cusp neighborhoods satisfy the following.
• On the 12 vertices of type (1), the area is L m = 5 c m .
• On vertices of type (2), the area is L j = 4/c j+1 + 2c j , for 1 ≤ j < m.
• On vertices of type (3), the area is L j = 4/c j + c j+1 + c j−1 .
• On vertices of type (4), the area is 2/c 2 1 + 4/c 1 .
• On vertices of type (5), the area is either c 2 + 2 + 3/c 1 , or c 2 + 1 + 4/c 1 .
• On vertices of type (6), the area is 2 c 1 + 4, or c 1 + 5, or 6.
Proof. Consider first one of the three white triangular regions making up the original larger triangle of the icosohedron. Let v be a vertex coming from the original triangle, of type (1) Using this labeling, a vertex at height j of type (2), i.e. along an edge of the white triangular region in the interior of the edge, will glue up to a cusp with area L j = (4/c j+1 ) + 2c j for 1 ≤ j < m. A vertex of type (3), in the interior of the white triangular region, will have area L j = (4/c j ) + c j+1 + c j−1 for 2 ≤ j < m. Now we label gray triangles. For one of the three gray triangles in the corners of the large gray triangular region, decorate the vertices with [1, 1, 1/c 2 1 ], such that the cusp labeled 1/c 2 1 corresponds to a vertex of type (4) . This triangle has two sides sharing an edge with a small white triangle, with labels on the endpoints of the edges in those white triangles given by 1/c 1 and 1/c 1 . Note by Lemma 3.3 that the length of the edge shared by these white and gray triangles will be −2 log(1/c 1 ) in both triangles, and so the gluing will satisfy condition (c) of Definition 3.2. The total area of the cusp at the vertex of type (4) Note that for all choices of 1 ≤ c j ≤ 2, for j = 1, . . . , m, this decoration will satisfy conditions (A), (B), and (C) of Definition 3.2 by construction, hence by Lemma 3.4, it can be realized by a complete hyperbolic structure on F m with embedded cusps.
Lemma 3.5 is stated in terms of areas of cusps, but recall that for a hyperbolic surface, cusp area is the same as length of boundary curve for a cusp. We wish to ensure that the smallest of the lengths obtained in Lemma 3.5 is as large as possible. We will do so by focusing on the lengths L j . Provided we can show that c j ≤ c j+1 for all j, this will prove that L j ≥ L j . We will also check the lengths of L m and lengths along gray triangles. Proof. Set all of the L j to be equal to L. This gives a system of equations. Considering this system as a discrete dynamical system in the c j , we obtain the recursive formula
Notice that this defines c j+1 in terms of a Möbius transformation fixing the upper half plane H 2 . Any initial choice of c 1 determines all following c j . Moreover, the condition 5 c m = L m = L enables us to compute values for the system. As j approaches ∞, the numbers c j will approach an attracting fixed point. That is, they will approach x such that
Appealing to the condition that L m = 5x, we obtain x = 4/(3x), indicating that x = ±2/ √ 3. Using the positive root, we obtain L = 10/ √ 3. Furthermore, for this choice of L, 2/ √ 3 is the attracting fixed point, and √ 3 the repelling fixed point, of the dynamical system given by the c j 's. Thus the Möbius transformation is a hyperbolic translation of the upper half plane, translating along the axis from √ 3 to 2/ √ 3, and so for c 1 < 2/ √ 3, the sequence {c 1 , c 2 , . . . } will increase monotonically to approach 2/ √ 3. Therefore, for any pair (c 1 , ) such that c 1 < 2/ √ 3 and > 0, there exists an m such that c m > 2/ √ 3 − /5, L m > 10/ √ 3 − and c j ≤ c j+1 . Thus, given , any such c 1 will ensure lengths of cusps around vertices of types (1), (2) , and (3) are at least 10/ √ 3 − . We need to ensure lengths of cusps around other vertices are also long.
Solving 2/c 2 1 + 4/c 1 = L = 10/ √ 3 for c 1 , we obtain
4.1.
Toroidal fillings and fillings along torus slopes. We first consider lengths of slopes of manifolds that admit a toroidal filling, or more generally, lengths of slopes that are parallel to the boundary components of an essential punctured torus. As noted in the introduction, in the toroidal case, the bound of six is realized. Agol has examples in [2] , as does Adams et al for knots in S 3 [1] . Both of these examples involve a specific packing of an embedded totally geodesic once-punctured torus. In each case, these packings are as dense as possible. In fact, this behavior is required for a toroidal filling realizing the bound of six, due to the following lemma, which follows quickly from the proof of [2, Theorem 5.1].
Lemma 4.1. Let M be a cusped hyperbolic 3-manifold and let S be an essential punctured torus properly immersed in M . Let s 1 , . . . , s n be slopes on the cusps of M homotopic to the boundary slopes of S. Then there exists a cusp neighborhood C for M such that each s j has length exactly 6 on ∂C if and only if the following hold:
(1) S is totally geodesic, (2) H = C ∩ S is a maximal cusp of S, and (3) the canonical decomposition of S corresponding to H consists of ideal triangles, each with a [1, 1, 1] packing given by its intersection with H. Proof. In [2, Theorem 5.1], Agol proves that the sum of the lengths of the slopes s j is at most 6|χ(S)|. We walk through the proof of that theorem to determine what must occur when we have equality. First, pleat S in M , and consider S ∩ C, shrinking C if necessary to C to avoid compact regions of intersection. The lengths of the slopes s i on ∂C in M are at most the lengths of the curves running along the cusp C ∩ S of S in the hyperbolic structure it inherits from the pleating. We have equality in this case if and only if there is no bending along the pleating locus, i.e. the surface S is totally geodesic. Next, the length of a curve along H = C ∩ S is known to be the area of H . By work of Böröczky [5] , this area will be at most 3/π times the area of S. We will have equality if and only if the cusp H is as dense as possible in S, which will happen if and only if the canonical decomposition of S with respect to H consists of triangles, each with packing [1, 1, 1] . Since C cannot be expanded without H = C ∩ S becoming no longer embedded, H must equal H, and the lemma follows.
Remark 4.2. Suppose S has a horoball packing H that is as dense as possible as in Böröczky [5] , and suppose we have an ideal triangulation of S. It does not follow that each triangle has a [1, 1, 1] packing. For example, a triangle might have a [2, 1/2, 1/2] packing. However, these triangles are not canonical. The canonical packing is shown in Figure 5 . This packing will be a key tool used to address the slope lengths of Dehn fillings that produce Seifert fibered manifolds with infinite fundamental group. 4.2. The Seifert fibered case. Next we consider examples of manifolds with long slopes yielding small Seifert fibered fillings with infinite fundamental group. The following proposition gives a lower bound on the longest such slope length. Proposition 4.3. There exists a sequence of hyperbolic 3-manifolds M n , each with one cusp, and slopes s n with length approaching 5 such that M n (s n ) is a small Seifert fibered manifold with infinite fundamental group.
Proof. Consider the Whitehead Sister manifold, which is m125 in the SnapPy census [9] . Our numbering and framing of cusps of this manifold will be consistent with SnapPy.
Choose a horoball packing of m125 such that cusp 0 touches itself. We first find a slope on cusp 0 of length 5 that yields a manifold with interesting properties.
Consider a fundamental domain for m125 such that the point of tangency of cusp 0 occurs at height 1. Then there exists a representation ρ : π 1 (m125) → PSL(2, C) such that cusp 0 lifts to ∞ in the universal cover, and so an element of the peripheral subgroup at ∞ can be realized as a translation in the plane at height 1. If we identify this plane with the complex plane, we can further assume (after conjugating by a rotation fixing ∞ if necessary) that the slope (1, 0) corresponds to translation by 2 − i and the (0, 1) slope can be realized as a translation by 1 + 2i. Under this representation, the (2, 1) slope on cusp 0 is realized by a translation by 4 + 3i. Hence it has length 5. Using Regina [8] , one can identify explicitly the manifold obtained by Dehn filling this slope; it is the one-cusped graph manifold
(This result can also be verified by [16] , where the notation is explained, but it will not be important in our argument. Note also that the framing of SnapPy has changed since that paper was published; adjust their framings on the Whitehead Sister manifold in [16, Table A .1] by +2 to obtain the current framing.) Now consider cusp 1 on m125. Another feature of this manifold is that there is a 1-parameter family of fillings (r, 1) of cusp 1 such that
for some knot K r with meridian corresponding to the (2, 1) slope of cusp 0 on m125, hence
This is a small Seifert fibered space. Its fundamental group will be infinite provided r is not one of −3, −2, −1, 0, 1, 2. Thus, for sufficiently large r, the cusped manifolds M r = m125()(r, 1) ∼ = S 2 (2, 1)(3, 1)(2r + 1, −2r + 1)) − K r approach m125, and so are hyperbolic by Thurston's Hyperbolic Dehn Surgery Theorem [20, 5.8.2] . The slope on M r corresponding to the slope (2, 1) on cusp 0 of m125 has length approaching its maximal length in m125, which, as mentioned above, is 5. Proposition 4.3 gives a lower bound of five on the length of the longest slope yielding a small Seifert fibered space with infinite fundamental group. We do not claim this is a sharp lower bound. However, we can prove that no sequence of manifolds have such fillings along slopes that approach length six. Theorem 4.4. Let M be a hyperbolic manifold with one cusp, and let s be a slope such that M (s) is a small Seifert fibered space with infinite fundamental group. Then the length of s is strictly less than six. Moreover, there is no sequence of one-cusped hyperbolic manifolds M n and slopes s n such that M n (s n ) is small Seifert fibered with infinite fundamental group and the lengths of s n approach six.
Proof. Suppose M (s) is a small Seifert fibered space with infinite fundamental group, but the length of s is at least six. The 6-Theorem implies the length is exactly six.
The base orbifold of M (s) is a sphere with three cone points. Work of Scott [19] implies that there is an immersed essential torus in M (s). Because M is hyperbolic, there must be an immersed essential punctured torus T in M , punctured n times. Thus T meets ∂M n times, each with slope s.
We may use the hyperbolic structure of M to give a pleating on T in M . Since the length of each slope is exactly six, the immersed surface must be totally geodesic, and the horoball packing on each cusp must be the densest packing possible, by Lemma 4.1. Thus in the universal cover H 3 , T lifts to a geodesic planeT and the maximal cusp for M lifts to the densest possible horoball packing on this plane. That is, horoballs meet in triples with triangular regions in the complement. Now, because T is merely immersed and not embedded, there must be another liftT of T to H 3 that intersectsT . NoteT must also be totally geodesic, henceT ∩T is a geodesic in H 3 on the vertical planeT . First, note thatT ∩T cannot be a vertical geodesic, for thenT andT would be nonparallel planes, defining distinct slopes on ∂M . SoT ∩T is a geodesic γ ∈ H 3 with endpoints disjoint from the centers of horoballs in the packing on T .
We claim γ must intersect some horoball H 0 in a compact interval with nonempty interior. This is because, first, the endpoints of γ are disjoint from horoballs. Next, the complement of all horoballs in T is a collection of curvilinear triangles. If γ meets no such H 0 then it meets a triangle. It cannot meet it in its edges, which are boundaries of horoballs, since then γ would continue through the interior of the corresponding horoball. But if it meets the triangle only in vertices, then it must run along the geodesic between those vertices, which runs through the interior of a horoball.
So γ must intersect some horoball H 0 in a compact interval with nonempty interior. It follows thatT must intersect H 0 in a compact disk. SinceT differs fromT by a covering isometry, there must be some horoball lift of the embedded maximal cusp H 1 ⊂ H 3 such that H 1 ∩T is a compact disk. We will show this leads to a contradiction.
Since the maximal cusp of M is embedded, all lifts of the cusp to H 3 are disjoint. Thus if H 1 ∩T is a compact disk, it must lie in one of the triangular regions in the complement of the horoballs with centers on ∂T . In particular, the disk must have a center closest to some horoball H 2 onT . Applying a hyperbolic isometry, we may assume that H 2 is the horoball at infinity, of height one, and the disk of intersection H 1 ∩T lies in one of the small triangles between the horoball at infinity and two tangent horoballs of diameter one. Denote the Euclidean center of the disk H 1 ∩T ∼ = H 2 by q. The height of q is also the Euclidean radius of H 1 . But q lies in a triangular region above horoballs of diameter one, hence it has height at least √ 3/2. But then the diameter of H 1 is at least √ 3 > 1, contradicting the fact that H 1 is disjoint from the horoball at infinity. This contradiction concludes the proof that the length of the slope s is exactly six. Now suppose there exists a sequence of manifolds M k and slopes s k such that M k (s k ) is small Seifert fibered with infinite fundamental group, and the length of s k approaches six. Then as above, there exists an immersed punctured torus T k , which can be pleated. The pleating must approach a geodesic structure with a maximally dense horoball packing by (the proof of) Lemma 4.1. For large enough k, the arguments above still imply that T k meets a cusp in a compact disk. Again for large enough k, the horoball packing on T k will be sufficiently dense that we obtain a contradiction.
Remark 4.5. The above proof applies to any space with a Dehn filling yielding a manifold with an immersed essential torus. For example, this will apply to many graph manifolds as well. The longest graph manifold slope for one-cusped manifolds the SnapPy census has length 2 5 √ 2 ≈ 5.318, and occurs for the manifold m130. It would be interesting to find a sharp upper bound for slope length for graph manifold fillings.
To put this into a better context, the example in [2] has eight tetrahedra and the first example of [1] has nine tetrahedra, and so both manifolds appear in the census with nine or fewer tetrahedra. While we expect to see some very interesting behavior regarding exceptional surgeries in the cusped census, not all long slopes appear this way. For example, the reducible fillings of the main theorem have too many cusps to appear in any census. There are many examples of one-cusped hyperbolic manifolds with slopes that yield S 3 fillings with slope lengths approaching 4, for example [2, Section 7] and [18, Section 4] . Note the same basic construction of used in the proof of [18, Corollary 4.4] can also produce hyperbolic knots in lens spaces with meridians of length approaching 4. The final step of that argument is to fill an unknotted component of a link by a slope of 1/c 2 . However, if we allow p/c 2 fillings with p > 1 and p and c 2 relatively prime, then the knot complements constructed still have meridian lengths approaching 4, but will be knot complements in (nontrivial) lens spaces as opposed to in S 3 . A similar argument can also be applied to the knot complements constructed in [2, Section 7] .
If we allow multiple cusps, work of Goerner shows that 4 is not an upper bound on slope length. In [13, Table 1 ], Goerner uses an arithmetic construction to exhibit a link in S 3 with 64 cusps such that each meridian is at least length √ 21 ≈ 4.5826. Notice that this difference between known lengths of slopes for one-cusped versus multicusped manifolds also appears in the reducible case. The examples of Theorem 1.1 prove that the maximal length reducible slope in the multi-cusped case is at least 10/ √ 3. However, when we restrict to one-cusped manifolds, the longest length examples we could find were reducible fillings obtained from a sequence of fillings of the minimally-twisted 5-chain link, with slope lengths approaching 4. Details on fillings of the minimally-twisted 5-chain link can be found in [17] . Table 1 provides a summary of these examples and the other examples given in this paper. In the table, "small SFS" refers to small Seifert fibered space fillings with infinite fundamental group. An asterisk indicates that the bound is realized asymptotically.
We conclude by asking the following questions motivated by the table.
